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Abstract

The preceding nonlinear instability manuscript left six positive parameter values unresolved
because a field oscillator resonated with the matter source. We construct two exactly invariant
nonlinear symmetry sectors. The vertex stabilizer S3 retains only gradient field stiffnesses 6±

√
2;

a cyclic C4 sector retains only 6, 4 ±
√

2. At each formerly excluded parameter, one sector has
no resonant retained field frequency and has a nonzero Coulomb-corrected averaged matter
drift. Fixed-norm, exactly Gauss-admissible initial states then undergo fixed orbital departure
under the full nonlinear flow. Combined with the preceding cases, this proves instability of
the specified nonzero flat family for every positive electric coefficient and every nonnegative
magnetic coefficient at finite rank. This conclusion is conditional on the unchanged candidate
action. It does not identify a physical interaction or classify other backgrounds.

Typing. Derived conditional mathematics. Finite exact constructor checks support the proof;
numerical trajectories are diagnostics. Independent review pending; development lane; physical
promotion 0. No action term, species, coefficient normalization or physical unit is added.

1 Precisely what is closed

Set t = aκ/r, with electric coefficient a > 0, magnetic coefficient κ ≥ 0 and finite gauge rank r ≥ 1.
The previously unresolved set was

E =
{2

3 ,
8
3 ,

16
6 −

√
2
,

16
6 +

√
2
,

16
4 −

√
2
,

16
4 +

√
2

}
.

We settle every member exactly at its stated value, without detuning. The resonant modes remain
present in the full phase space; the instability witnesses lie in exact invariant sectors that exclude
those modes.
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2 Frozen action, background and theorem

The filled oriented tetrahedron has 15 nonempty simplices and 28 adjacent incidence links. Let
B be its signed boundary matrix, DU [i, j] = BijUij for a lower simplex i and upper simplex j,
AU = D†

U −DU , and hU = iAU . The candidate Hamiltonian and its Gauss law are

H = a

2
∑
e

trE2
e + κ

∑
d

(
1 − 1

r
Re trWd

)
+ ψ†(µ1 + hU )ψ + χ†(µ1 + h̄U )χ,

Gi =
∑

head=i
Ee −

∑
tail=i

U †
eEeUe − ψiψ

†
i + χ̄iχ

T
i = 0.

The fields have the canonical classical complex brackets of the preceding joint Hamiltonian theorem.
The magnetic sum is over all 18 two-path diamonds, each once. Work in the common µ-rotating
frame, µ ≥ 0. Put k = (1, 1, 1, 1, 0, . . . , 0)T . The background is

Ue = 1r, Ee = 0, ψi = χi = αkie1, α > 0.

Its orbit includes local gauge transformations and independent constant species phases. For µ = 0
it is stationary; for µ > 0 it is a relative equilibrium in the original frame.

Theorem 1 (Six-case closure). For each t ∈ E, every fixed a > 0, finite r, α > 0, and µ ≥ 0
as above, the nonzero neutral flat background is nonlinearly orbitally unstable, even on the fixed
species-norm level Nψ = Nχ = 4α2.

There are exact Gauss-admissible initial states approaching the background and a fixed δ∗ > 0 whose
full nonlinear trajectories satisfy, at times sε = O(1/ε),

X(sε) =
∑

dimσ>0

(
∥ψσ∥2 + ∥χσ∥2

)
≥ δ∗.

The observable X is gauge and species-phase invariant and vanishes on the entire background orbit.
Thus this is a nonlinear orbital departure on the constraint surface.

Corollary 2 (Parameter-wide obstruction for this family). Together with the preceding nonlinear
theorem [1], Theorem 1 implies nonlinear orbital instability of this nonzero family for every a > 0,
κ ≥ 0 and finite rank r. At κ = 0 the earlier witness is an exact holonomy drift. The positive-
stiffness empty vacuum stability theorem is unchanged. Other stationary or relative-equilibrium
backgrounds are not classified.
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3 Exact permutation sectors of the nonlinear flow

For a vertex permutation p ∈ S4, write ρp for its signed action on oriented simplex matter
coordinates: the sorting sign of the permuted simplex multiplies the coordinate. Write Pp for its
ordinary permutation on nodes and Tp for its ordinary permutation on incidence links. A link is
always directed from upper to lower dimension, so its head and tail are not interchanged. Signed
simplicial covariance gives

ρpB = Bρp, PpR = RTp, TpK = KTp, ρpk = k,

where R is the ordinary head-minus-tail incidence, C the diamond curl and K = CTC.

Lemma 3 (Exact fixed-point invariance). The transformation (ψ, χ) 7→ (ρpψ, ρpχ), with links and
momenta permuted by Tp, is canonical, preserves H, and permutes the Gauss equations by Pp. For
every subgroup G ≤ S4, its fixed-point set is invariant under the full nonlinear flow.

Proof. The real signed permutation is unitary on each canonical matter species, and permutation
of cotangent link factors is canonical. If bij transforms to bp(i)p(j), simplicial covariance gives
bp(i)p(j) = sisjbij with orientation signs si, sj . Thus DU , AU and hU transform by signed conjugation.
The two matter energies, including the conjugate-charge term, are preserved. The electric sum is
permuted. Each diamond’s two routes are relabeled; their exchange replaces its Wilson product
by the inverse, up to changing the basepoint. Real trace is invariant under inversion and unitary
conjugation. Hence the magnetic sum is preserved, including at finite link phases. Matter signs
square to one in charge bilinears, giving the ordinary node action on Gauss law. Equivariance of
the Hamiltonian vector field and uniqueness of solutions imply fixed-point invariance.

Restricting a witness to this invariant set adds no premise to instability: one admissible sequence is
sufficient. We claim neither attraction to the sector nor stability against symmetry-breaking noise.

For scalar rank define L+ = (RRT )+, PT = 1 −RTL+R and the Reynolds projectors

ΠG = |G|−1 ∑
p∈G

ρp, QG = |G|−1 ∑
p∈G

Tp, WG = PTQG.

The ordinary node Reynolds projector commutes with L+. Therefore Coulomb reconstruction, the
transverse projection and the Coulomb gauge compensator all preserve the sectors. In particular
WG is the orthogonal projector onto kerR∩ Fix(TG) and commutes with K. These identities prove
nonlinear invariance in the reduced equations too.
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4 Two finite sector spectra

List oriented tetrahedral edges as (01, 02, 03, 12, 13, 23). Let A = BT − B, so Ak = 0 and
A2 = −4(1 − kkT /4). Define real unit matter vectors supported on these six edge nodes by

Dg = (1, 1, 1, 0, 0, 0)√
3

, Dc = (1, 0,−1, 1, 0, 1)
2 .

Here Dg is in the gradient image of the edge boundary BT
1 and B1Dc = 0.

Proposition 4 (Exact restricted spectra). For Gg = S3 fixing vertex 0 and permuting 1, 2, 3, and
Gc = C4 = ⟨(0123)⟩, one has

Fix(ρGj ) = spanC{k,Dj , ADj}.

Their transverse link spaces have the following stiffness spectra, each listed eigenvalue having
multiplicity one within the sector:

Sector Link fixed dim. Cycle dim. Restricted K spectrum

S3 vertex stabilizer 8 2 6 −
√

2, 6 +
√

2
C4 vertex cycle 7 3 6, 4 −

√
2, 4 +

√
2

Proof. Average the explicitly defined finite signed and ordinary permutation matrices. The matter
projectors have rank three and fix k,Dj , ADj , which are independent. The transverse projectors
have ranks two and three. To reproduce the eigenvalue assertion without choosing an orthonormal
basis, take any column-space basis Zj of WGj and set

Kj = (ZTj Zj)−1ZTj KZj .

Exact rational elimination gives

det(z1 −Kg) = z2 − 12z + 34, det(z1 −Kc) = (z − 6)(z2 − 8z + 14).

The accompanying code constructs all matrices from simplex incidences and verifies these character-
istic polynomials and projector ranks. The normalized basis k/2, Dj , ADj/2 has ADj = 2(ADj/2)
and A(ADj/2) = −2Dj , confirming the retained native frequencies 0,±2.

The spectral exclusion persists exactly because of Lemma 3. It is stronger than a linear source
orthogonality calculation: nonlinear products cannot generate a mode outside the fixed-point space
along these solutions.
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5 Nonlinear reduction and restricted averaging

We give the argument at r = 1 first. Define Γσ = (−1)dimσ and, in the rotating frame,

w = Γχ̄, f = (ψ + w)/2, d = (ψ − w)/2.

Both f, d co-move under the same anti-Hermitian matter operator. In scalar Coulomb coordinates
the exact equations are

q = 4 Re(f̄ ⊙ d), E = ET +RTL+q, Λ = −aL+q,

θ̇ = aET , ĖT = −κCT sin(Cθ) − PTJ,

ḟ = Aeiθf + idiag(Λ)f, ḋ = Aeiθd+ i diag(Λ)d,
Je = 4be Re(f̄ieiθedj + d̄ie

iθefj),

with Rθ = RET = 0 and
∑
i qi = 0. The full two-vector Gram matrix is conserved. Permutations

preserve dimension, so Γ commutes with their signed actions. Each sector above is therefore an
exact sector of these equations.

Scale d = εD, θ = εϑ, ET = εe. At ε = 0,

ḟ = Af, Ḋ = AD, ϑ̇ = ae, ė = −κKϑ− PTJ0(f,D).

All variables are restricted to the selected invariant sector. The source has harmonics 0,±2,±4:

J0(eAsf, eAsD) =
2∑

n=−2
Jn(f,D)e2ins.

If tk ≠ 4, 16 for every retained stiffness k, the particular field is the bounded quadratic polynomial

Z(f,D) = −a
2∑

n=−2
(tK − 4n21)−1

imWG
PTJn(f,D), ep = a−1LAZ.

No full-space singular inverse is used. Subtraction of (Z, ep) conjugates the leading field equations
to bounded oscillators. The first correction is a polynomial with finitely many rotation weights. A
homogeneous field oscillation has frequency

√
tk /∈ {0, 2, 4}; its contribution to the first averaged

matter equation is zero. All other zero-frequency terms, including any field combination resonances,
are retained.
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Lemma 5 (Finite-frequency comparison). For a fixed parameter and sector satisfying the preceding
inverse conditions, the exact scaled flow in interaction coordinates differs by O(ε) from its first
averaged slow flow, uniformly for 0 ≤ s ≤ T/ε and sufficiently small fixed T > 0 on bounded
scaled-coordinate neighborhoods.

Proof. After the particular-field change the leading flow is a product of bounded rotations. Its
first correction pulls back to a finite sum F̄ (z) +

∑
σ ̸=0 Fσ(z)eiσs. On a compact neighborhood the

primitive
u(s, z) =

∑
σ ̸=0

Fσ(z)
iσ

eiσs

and its needed derivatives are bounded. The change z = v + εu(s, v) gives v̇ = εF̄ (v) +O(ε2) with
bounded remainder. Smooth angle expansions have uniform derivative bounds on the same scaled
neighborhood. Variation of constants and Gronwall give an O(ε)eLT error through T/ε. Choose
T small enough that the averaged solution stays inside a smaller neighborhood; this error then
closes continuation of the exact solution in the larger one. The finite nonzero denominators are
fixed at the parameter under consideration. No uniform assertion near a resonance and no infinite
small-divisor premise is used. This also allows O(ε) initial-coordinate changes.

For c = αk define S = diag(c) and Mℓe = −be(cjδℓi + ciδℓj). Then J0(c, eAsDj) = −4MT eAsDj ,
MTADj = 0 and

F̄f (c,Dj) = 4ia
〈
e−As

[
M(tK − 41)−1

imWG
PTM

T − SL+S
]
eAs

〉
Dj .

The Coulomb term must be retained. Evaluating this finite average on the three-dimensional matter
space gives

F̄f (αk,Dg) = 2iaα2fg(t)Dg, fg(t) = −2(t− 1)(7t− 4)
34t2 − 48t+ 16 ,

F̄f (αk,Dc) = 2iaα2fc(t)Dc, fc(t) = 2(5t− 4)
14t2 − 32t+ 16 .

These are sector resolvent identities, not substitutions into a singular full-space inverse. They also
follow by the exact finite averaging formula: for P = 1−kkT /4 and V = M(tK−41)−1

imWG
PTM

T −
SL+S, its average on k⊥ is (PV P −AV A/4)/2. The verifier checks the displayed drift directly at
each of the six parameters.
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6 All six assignments and nonzero drifts

Exact t Exact sector Residue in 2iaα2fj(t)Dj

2/3 S3, Dg −1/2
8/3 S3, Dg −55/146
16/(4 ±

√
2) S3, Dg (−5221 ± 86

√
2)/13370

16/(6 ±
√

2) C4, Dc (303 ± 110
√

2)/410

In each ± row the signs correspond to the same sign in the denominator. All residues are nonzero.
At the first four values, neither retained stiffness 6 ±

√
2 gives tk = 4 or 16. At the last two values,

none of the retained 6, 4 ±
√

2 gives tk = 4 or 16. Positivity also excludes tk = 0. The exact receipt
separately records the nonzero determinants of tKj − ω21 at ω = 0, 2, 4 for every row.

7 Exactly admissible seeds and orbital departure

Select the sector and its real unit Dj from the table. For small ε > 0, put

αε =
√
α2 − ε2/4, f(0) = αεk, d(0) = εDj ,

θ(0) = 4aε(tK − 41)−1
imWG

PTM
T
ε Dj , E(0) = 0.

Here Mε is constructed from αεk. All data are fixed by the subgroup. The vertex and edge supports
are disjoint, so q(0) = 0 pointwise and every Gauss equation holds exactly. The species norms
both equal 4α2

ε + ε2 = 4α2. The particular momentum is zero because MT
ε ADj = 0. Thus the

scaled seeds have zero leading homogeneous field and approach the data used in the averaged drift
computation.

For the averaged flow,
f̄(τ) = αk + 2iaα2fj(t)τDj +O(τ2).

Choose a small fixed τ∗ > 0 so the edge component has positive norm. Apply Lemma 5 on a slightly
longer fixed slow interval. Take sε = nεπ nearest to τ∗/ε. Since eAsε = 1 and εsε = τ∗ + O(ε),
the exact f has a positive edge norm bounded below independently of ε. Also ∥d∥ = ε exactly.
Therefore

X = 2
(
∥fdim>0∥2 + ∥ddim>0∥2)

≥ δ∗ > 0, X(0) = 2ε2 −→ 0.

This proves scalar Theorem 1. Embed it at rank r by U = diag(u,1r−1), E = diag(Es, 0) and
matter in color e1. This is an invariant subsystem with magnetic coefficient κ/r. Full gauge
transformations preserve X, so residual color gauge directions cannot remove the departure. This
proves the theorem at all finite ranks.
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8 Verification, provenance and remaining scope

Exact constructor receipt. The accompanying verifier passes 104 exact checks. These include
signed boundary covariance, ordinary Gauss incidence covariance, stiffness equivariance, matter-
current intertwining, sector ranks and characteristic polynomials, rational nonlinear tangent fixtures,
six restricted resolvent domains and averaged drifts, seed support, zero initial particular momentum
and norm normalization. Rational fixtures test implementations; the universal nonlinear invariance
statement is proved in Lemma 3, not inferred from a finite sample.

Separate numerical receipt. Six campaigns integrate the full nonlinear Coulomb equations with
no subgroup projection in the right-hand side, a = r = α = 1, slow time 0.02, and ε = 0.02/(nπ)
for n = 1, 2, 4, 8, 16. The smallest-ε runs yield:

Parameter Final excited stock X

2/3 0.000800289
8/3 0.000454427
16/(4 −

√
2) 0.000511276

16/(4 +
√

2) 0.000465809
16/(6 −

√
2) 0.000414111

16/(6 +
√

2) 0.004002608

Each initial stock is approximately 3.1663 × 10−7. The receipt records conservation residuals, recon-
structed Gauss residuals and sector leakage separately. Finite runs corroborate the implementation
and scaling; they do not prove asymptotic instability and use no experimental data.

Dependency and supersession. This manuscript closes the six-case exception in NOI v0.1.
Its generic, four force-canceling resonance, zero-stiffness and scalar-embedding arguments remain
inherited. Frozen earlier manuscripts are retained as historical artifacts; this is an additive successor,
not a silent replacement. The parameter-wide corollary depends on those earlier proofs in addition
to the six-case proof given here. Gauge reduction, the empty vacuum result and the joint action
remain unchanged.

Remaining scope. Independent proof review and independent implementation are pending. Other
flat or curved backgrounds with excited matter, coefficient and unit provenance, a measurement
dictionary, continuum or refinement compatibility and physical identification remain open. In
particular this theorem proves neither force unification nor proton decay nor a monopole prediction.
It supplies a mathematically specified obstruction to using this nonzero flat family as a stable
ground state under the candidate action. The next useful mathematical task is independent review
of this obstruction, followed by classifying other admissible backgrounds if the action is retained.
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